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Problem 1 : Quantum Particle in a box 

In this problem we would like to modify the code of the pendulum, written in the last session, to 

solve the Schrodinger equation.  

 

Problem 1.a :  

 

 

We would like to solve more precisely the problem of a particle contained in a box (1 dimension 

only). 

  

The box is defined as follow: The left wall is located at x=a, and the right wall at x=b. We model 

the wall with an infinite potential V(x), and V is infinity for x<a and x>b. The particle is evolving freely 

inbetween the walls so V(x)=0 for a<x<b. We set a=0 and b=5. We choose the mass of the 

particle m such that the equation simplifies to: 

 

                                           
 

With boundary conditions: 
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As a first step, modify the functions F1 and F2 of the code of the pendulum such that they describe 

the Schrodinger equation. Hint: The function F2 also needs the energy E as an argument, so E 

should be one additional argument, which needs to be added to the definition of function F2. The 

energy E should also be defined in the program, and added to the call of the function F2 when used 

in the program. 

 

Problem 1.b : finding the quantum energies 

 

In the program, as it stands now, you solve for a set of given initial condition the different equation 

and obtain the arrays y and z. The array “y” contains the solution of the differential equation solved 

for this given set of initial condition, and y(1),y(2) are respectively the obtained value for the solution 

at points x1=h,x2=2*h, etcetera. The last point xN=N*h is equal to x=b. Change “b” in your code 

such that it describes the position of the right wall, so b=5.  

 

What should be the initial condition y(0) ? As a hint set z(0)=1. We will come back to this point later.  

 

We use now the strategy of the “aiming-shooting”.  

 

 
 We want now to solve the differential equation for a given energy, and modify this energy E within 

the a do loop which will scan the energy from E=0.01 to E=20. This can be done by adding a do 

loop around the bit of code where you solve the different equation: 

 

 

 do e_index=1,2000 

         energy = dble( e_index ) ….. [FILL IN] 

                […solve here differential equation…] 

 end do 

  

 

For each energy, we obtain y(N), which corresponds to the solution of the differential obtained at 

x=b. Write into a file both the energy and y(N), such that you get two columns contained into this file 

with energy and y(N). Plot this file (xmgrace fort.XXX).  
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Are there any energies E such that the obtained solution also satisfies the boundary condition? If 

yes, extract the few first energies by scrolling with the mouse over the zero of the function in 

xmgrace, and write down the obtained values for n=1,2,3,4,5 energies. How does the energy grow 

with n? Do you see any relation? 

 

We hence found a solution of the differential equation which satisfies the boundary condition, for 

those particular energies.  

 

But… 

 

Are there any other ways to satisfy the boundary condition, maybe by changing the initial derivative 

z(0)?  We have set this to z(0)=1,  maybe I can get other energies by changing z(0)? 

 

Set z(0)=2, and re-run your code. Compare the energies which are obtained. Is it possible to solve 

this differential equation, and satisfy the boundary conditions, but obtain different energies than the 

ones that you obtained above ? 

 

Problem 1.c : plotting the solutions y(x) (quantum wave-function) 

 

We want to plot the solution y(x) for the three first possible energies n=1,2,3. These would be the 

obtained y(x), for the particular energies which corresponds to y(5)=0. To do this, we can follow a 

simple idea : 

 

1) define an integer countE, this integer will count the energy levels (the energies which satisfy 

y(5)=0). At the very top of your code set countE to zero 

2) define a new real(8) array yb(0:2000), this array will store all the obtained y(N) (the last point 

of each solution of the differential equation) for the 2000 computed energies. 

3) Add a line after the do loop, where you solved the differential equation for a given energy, to 

store y(N) into the array yb: yb(e_index)=y(N) 

4) During the scan of the energies (do loop e_index=1,2000), we can detect that yb(e_index) is 

close to zero if there is a change of sign. Find a way to complete to implement an if 

condition which will detect when there is a change of sign, and hence when yb(e_index) is 

near zero. 

5) Each time there is a change of sign: 

a. Increment the variable countE by 1 : countE=countE+1. We found one more 

possible energy indeed! 

b. Plot when this happens the array y(1),y(2),…y(N) into a file by adding a do loop: 
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Do k=1,N 

   write(100+ [FILL IN] ,* )    x(k) , y(k) 

   write(200+ [FILL IN] , *)    x(k) , y(k)**2 

End do 

 

Find what needs to be filled in, such that you write into a new file each of the 

solution of the differential equation for the quantized energies. 

Finally, plot the three first solutions on the same graphic, by using the command:  

    xmgrace    fort.101     fort.102      fort.103 

 

To plot the probability to observe your particle, it is the square of the function y(x), use the 

command: 

    xmgrace     fort.201     fort.202    fort.203 

 

Problem 1.d : where is my particle? Function normalization 

Within xmgrace, when you plot the files fort.201 fort.202 and fort.203, scroll : 

1) menu data 

2) choose transformation 

3) choose integration 

4) click on S0 

5) click accept 

6) on the left side of the graphic, click on the “button” A S.  

7) You should see a new curve, this curve is the integral of P(x) obtained for the first 

energy. Does it satisfy the condition that the particle should be present somewhere, 

so the relation ? 

                         
If it is not satisfied, do you remember what was the remaining free parameters that we 

could use to impose this condition?  Optional: do you see how to modify this parameter to 

obtain this relation? If any idea, try it, and see if it works by repeating the steps in problem 

1.d.                    
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Problem 2: free particle (infinite box) 

As a simple extension of Problem 1, we propose to study what happens when the size of the box become 

large. Re-run your code for b=20 and b=40. Look at the obtained possible energies, what do you observe? 

Problem 3: Quantum tunneling (optional) 

In this problem we propose again a minor modification of the problem of the particle in the box. We propose to include one 

additional small energy barrier within the box: 

                                

To do this, we provide you with a function that you can add into the module, which describes the barrier: 

 

 

 

 

 

 

Modify the function F2 such that it also has a “x” argument: 
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function	  potential(x)	  
implicit	  none	  
real(8)	  ::	  x,potential	  
	  	  	  	  	   if(x>1.2	  .and.	  x<3.8)then	  
	  	  	  	  	  	   	   potential	  =	  10.0	  
	  	  	  	   else	  
	  	  	  	  	  	   	   potential	  =	  	  0.0	  
	  	  	  	  	   endif	  
end	  function	  
	  

	  	  function	  F2(x,y,z,E)	  
	  	  implicit	  none	  
	  	  real(8)	  ::	  F2	  
	  	  real(8)	  ::	  x,y,z,E	  
	  	  	  
	  	  	  	  	  	  	  F2	  =	  …	  [Fill	  in	  ]	  …	  
	  
	  	  end	  function	  
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How can you modify F2 such that the Schrodinger equation takes into account the potential ? Hint the Schrodinger equation for the 

general case is : 

                                                   

Hint: you simply need to use the new function potential(x) within the scope of the function F2. Modify accordingly the call to the 

function F2 within the program. Plot the solution for the first possible energy and its associated probability. Is there some probability 

to observe the particle within the barrier ? Hint : just plot the files fort.201 that should be produced now by your code.    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

*  !"#$%&'$#($)'"#$*+,-$./'%*,"'$0$1"$2&)($*+($%"''(%*,"'$#,*+$*+($3&-*$3(%*/4(5$
#($-,2637$%+&'8($*+($'"*&*,"'5$3(*9-$%&33$*+,-$./'%*,"'$7:;<$

*  ='-#(4>$*+($./'%*,"'$,-$*+($-"3/*,"'$".$*+($?%+4"@,'8(4$(A/&*,"'$

*  !" "#" "!$%%"&'"()*"+$,(-./*"
*  0" "#"" "*1*,23"&'"()*"+$,(-./*"
*  4" "#" "()*".&&,5-1$(*6"()*"+&%-(-&1"-1"%+$.*"&'"()*"+$,(-./*""
*  7849" "#" "$"+&(*1(-$/":)-.)"$;*.(%"()*"+$,(-./*"$15"5*<1*%"()*"+,&=/*!"(&"

" "%&/>*?"@'"()*"+$,(-./*"-%"$",&//-12"=$//6"()*"+&(*1(-$/"7849":&A/5"=*"()*"
" "+&(*1(-$/"*1*,23""

*  """""""""""""#"""""""""""""""""B/$1C".&1%($1("

0DA$(-&1"&'"!&(-&1"'&,"$".-,.A/$,"!&(-&1"

ψ(x) → y(x)

d2y(x)

dx2
=

2m(V (x)− E)

�2 y(x)

�


