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Problem 1 : The Tacoma bridge 

The Tacoma bridge collapsed in a dramatic way on Thursday November 7, 1940. Winds of ~60 

km/hr produced an oscillation which eventually broke the construction. The bridge began first to 

vibrate torsinonally. A Tacoma newspaper editor who recalls:  

"Just as I drove past the towers, the bridge began to sway violently from side to side. Before I 

realized it, the tilt became so violent that I lost control of the car, jammed on the brakes and got 

out, only to be thrown onto my face against the curb. Around me I could hear concrete cracking. I 

started to get my dog Tubby, but was thrown again before I could reach the car. The car itself 

began to slide from side to side of the roadway. On hands and knees most of the time, I crawled 

500 yards or more to the towers. My breath was coming in gasps. My knees were raw and 

bleeding, my hands bruised and swollen from gripping the concrete curb. Toward the last, I risked 

rising to my feet and running a few yards at a time. Safely back at the toll plaza, I saw the bridge in 

its final collapse and saw my car plunge into the Narrows." 

The equat ions for a s lab of the Tacoma br idge write: 

                 

 

 

The in it ia l  condit ions are :  
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Amathematical model that attempts to model the Tacoma Narrows bridge incident was proposed
recently byMcKenna and Tuama [MT]. The goal is to explain how torsional, or twisting, oscillations
can be magnified by forcing that is strictly vertical.

Consider a roadway of width 2l hanging between two suspended cables, as in Figure 17(a). We
will consider a two-dimensional slice of the bridge, ignoring the dimension of the bridge’s length
for this model, since we are only interested in the side-to-side motion. At rest, the roadway hangs
at a certain equilibrium height due to gravity; let y denote the current distance the center of the
roadway hangs below this equilibrium.

Hooke’s Law postulates a linear response, meaning that the restoring force the cables apply
will be proportional to the deviation. Let ! be the angle the roadway makes with the horizontal.
There are two suspension cables, stretched y! l sin ! and y + l sin ! from equilibrium, respectively.
Assume a viscous damping term that is proportional to the velocity. Using Newton’s law F = ma
and denoting Hooke’s constant by K, the equations of motion for y and ! are
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However, Hooke’s law is designed for springs, where the restoring force is more or less equal
whether the springs is compressed or stretched. McKenna and Tuama hypothesize that cables pull
back with more force when stretched than they push back when compressed. (Think of a string
as an extreme example.) They replace the linear Hooke’s Law restoring force f(y) = Ky with
a nonlinear force f(y) = (K/a)(eay ! 1), as shown in Figure 17(b). Both functions have the
same slope K at y = 0, but for the nonlinear force, a positive y (stretched cable) causes a stronger
restoring force than the corresponding negative y (slackened cable). Making this replacement in the
above equations yields
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As the equations stand, the point (y, !) = (0, 0) is an equilibrium. Now turn on the wind.
Add the forcing term A sin "t to the right-hand-side of the y equation. This adds a strictly vertical
oscillation to the bridge.

Useful estimates for the physical constants can be made. The mass of a one foot length of
roadway was about 2500 kg, and the spring constant K has been estimated at 1000 Newtons. The
roadway was about 12 meters wide. For this simulation, the damping coefficient was set at d = 0.01
and the Hooke’s nonlinearity coefficient a = 0.1. The vertical forcing supplied by the wind on
the final day caused the bridge to oscillate vertically about once every two seconds, so estimate
" = 2#/2 " 3. These coefficients are only guesses, but they suffice to show ranges of motion that
tend to match photographic evidence of the bridge’s final oscillations. Matlab code that runs this
model follows:

%Program 6.? Animation program for bridge using IVP solver
function tacoma(int,ic,h,p)
%Inputs: int = [a b] time interval,
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Problem 1.a :  

Modify your pendulum code such that you have now 5 arrays: x, y, z , which stand respectively for 

the time step, the solution of the differential equation y (vertical amplitude), and z is the derivative of 

y. We introduce t and g additionally, which are the arrays for the solution of the differential equation 

for theta (the array t) and the derivative of theta (the array g). Define these arrays as variables in your 

code. Use for the number of time steps N= 100000.  

Problem 1.b :  

Define the initial conditions in your code. 

Problem 1.c:  

Define four functions in your module, F1,F2,F3,F4. These functions depend on four input 

arguments, y, z, t and g.  

Problem 1.d:  

Make use of these functions in your main program, in the part of the code where you have the 

iteration process which is filling the arrays x,y,z,g, and t with a do loop (Taylor method).  

Problem 1.d:  

Use the functions in the iteration process which is filling the arrays x,y,z,g, and t with a do loop in 

your code (Taylor method). Also add the wind force in the Taylor method. Hint : we assume that the 

wind force is acting only on the vertical axis, and hence only affects the variable y. The force is 

simply modeled as A*sin( w t ), where w is estimated to be 3, and A is a constant which describes 

the amplitude of the wind.  We start by assuming a moderate wind, and use A=1. 

Problem 1.e:  

Write the obtained solutions of the different equations (y and theta) into two different files 

Problem 1.f:  

Plot the result. What do you obtain? Any oscillations ? how do you explain that ? 

Problem 1.g:  

Repeat the calculations, but now start from an initial condition where there is a small torsion angle 

q=0.01 initially. What do you observe? Are the oscillations controlled?  

Problem 1.h:  

Repeat the same calculation with A=1.5. What do you see? Which are the oscillation (torsion or 

vertical) which are getting stronger and stronger with time ?  


