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*  What	  we	  want	  :	  

	  

Averages	  in	  general	  

2	  Configuration	  of	  gas,	  snapshots
a	  probability,	  distribution
Something	  we	  want	  to	  measure



*  What	  we	  want	  :	  

*  Solution:	  choose	  a	  small	  sample	  of	  configurations:	  
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Metropolis	  algorithm	  
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1.	  Start	  with	  configuration	  x1	  
2.	  Propose	  a	  new	  configuration	  
xtrial	  (any	  one)	  	  
3.	  Accept	  it	  or	  reject	  it	  with	  the	  
probability:	  
	  

	  	  P(xtrial)	  /	  P(x1)	  
	  

4.	  If	  you	  accept	  it,	  you	  get	  a	  
new	  configuration	  x2	  
5.	  Go	  to	  2)	  

* This	  will	  generate	  a	  
sequence	  x1,	  x2,	  x3	  …	  

(Ryckaert, 1996). However, it is difficult to relate a simulation of such an
isolated chain in vacuum to a physically meaningful situation (Baschnagel et
al., 1992). We shall therefore not discuss such single chain simulations
further, although many sophisticated Monte Carlo techniques which have
already proven useful for lattice models (Sokal, 1995) are applicable to the
off-lattice case as well.

In polymer science, in addition to the explanation of material properties of
specific macromolecular substances by simulations, an important goal is the
clarification of qualitative questions such as whether polymer chains in a melt
‘reptate’ (Lodge et al., 1990). By ‘reptation’ (De Gennes, 1979) one means a
snake-like motion of polymer chains along their own contour, since the
‘entanglements’ with other chains create an effective ‘tube’ along the contour
that constrains the motions. Since this type of motion is a universal phenom-
enon, it can be studied by coarse-grained models of polymers (Fig. 6.17)
where one dispenses with much of the chemical detail such as the torsional
potential (Fig. 6.16). Rather one considers models where effective bonds are
formed by treating n ! 3"5 successive covalent bonds along the backbone of
the chain in one effective subunit. While the chains are generally treated as
being completely flexible, i.e. the only potentials considered are bond length
potentials and non-bonded forces, a treatment of stiff chains by bond angle
potentials is straightforward (Haas et al., 1996). Such models are useful for
describing the alkane tails in monolayers of amphiphilic fatty acids at the air–
water interface (Haas et al., 1996). In the freely jointed chain (a) rigid links of
length l are jointed at beads (shown by dots) and may make arbitrary angles
with each other. The stochastic chain conformational changes, that on a
microscopic level come about by jumps between the minima of the torsional
potential (Fig. 6.16), are modeled by random rotations about the axis con-
necting the nearest neighbor beads along the chain, as indicated. A new bead
position i may be chosen by assigning an angle ’i, drawn randomly from the
interval ½"!’;þ!’% with!’ & p: For the simulation of melts, freely joined
chains are often supplemented by a Lennard-Jones-type potential (Fig. 6.16)
between any pairs of beads (Baumgärtner and Binder, 1981). An alternative
model is the pearl-necklace model (b), where the beads are at the center of
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Fig. 6.17 (a–c) Several

off-lattice models for

polymer chains; (d)

Lennard-Jones

potential. For further

explanations see text.

Example:	  x1	  
corresponds	  to	  a	  
set	  of	  springs	  
connected	  
together,	  a	  trial	  
position	  can	  be	  
obtained	  by	  
changing	  slightly	  
one	  of	  the	  vertex	  
of	  the	  chain	  	  	  



Accept	  /	  Reject	  
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*  Choose	  a	  configuration	  x	  
*  Propose	  a	  new	  configuration	  y	  
*  Accept	  it	  with	  probability	  :	  
	  
	  
*  To	  do	  this,	  we	  generate	  a	  random	  number	  “r”	  

*  if	  r<Prob	  :	  	  x 	  à 	  y 	  (move	  accepted)	  
*  The	  Markov	  chain	  in	  this	  case	  : 	   	  

*  if	  r>Prob	  :	  	  x 	  à 	  x 	  (move	  rejected)	  
*  The	  markov	  chain	  in	  this	  case:	   	   	  

¨  Your	  turn,	  my	  markov	  chain	  is	   ,	  I	  propose	  Z	  as	  a	  trial	  configuration,	  
I	  reject	  it,	  what	  is	  the	  third	  element	  of	  the	  markov	  chain	  ?	  	  

Prob = e

�(E(y)�E(x))/kT



* Do	  a	  simulation	  where	  you	  choose	  only	  “some”	  
configurations	  of	  the	  system	  

* We	  choose	  these	  configurations	  such	  that	  they	  
“represent”	  very	  well	  what	  happens	  in	  reality	  	  

* So	  we	  choose	  them	  randomly	  according	  to	  the	  
Boltzmann	  distribution

Monte	  Carlo	  simulation 



Zoom	  in	  with	  microscope	  
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Figure 2. Color-coded XMCD–PEEM images of trilayer microstructures with
(a) tCu = 1.5 nm, (b) tCu = 2 nm and (c) tCu = 3 nm probing the y-component
of the magnetization in the FeNi (top) and the Co layer (bottom). Blue and
red contrast corresponds to the negative and positive y-components of the
magnetization, respectively. In the FeNi layer, an undulated shape of 180⇥ DWs
is visible for tCu = 1.5 nm (black arrows in (a)); and a non-parallel coupling in
90⇥ DWs is observed for tCu = 2 and 3 nm (black arrows in (b) and (c)).

their undulated shape (black arrows in figure 2(a)). With tCu = 2 and 3 nm, the opposite contrast
appears at 90⇥ DWs in the FeNi layer: blue between a red and a white domain, and red between
a blue and a white domain (black arrows in figures 2(b) and (c)). Thus, the two FM layers
clearly exhibit a non-parallel coupling in the vicinity of 90⇥ DWs. Note that in figure 2(c) only
the lower part of the 5 � 15 µm2 structure is shown. Both microstructures, one with tCu = 2 nm
and the other with tCu = 3 nm, exhibit the same kind of non-parallel 90⇥ DW coupling. Once
the Néel coupling field drops below the stray field at DWs between tCu = 1.5 and 2 nm, a non-
parallel alignment of the magnetization in the two FM layers arises. However, there is no visible
difference between tCu = 2 and 3 nm.

The domains in the FeNi layer in figures 2(b) and (c) have a blotchy texture compared
to the longitudinal ripple structure that is present in the other images. The ripple structure is
typical of polycrystalline high-anisotropy films [22]. We attribute the blotchy texture to the fact
that the ripples in the Co layer are a variation of magnetization direction, which creates small
but quite irregular stray fields. These stray fields influence the magnetization of the FeNi layer.
The different domain sizes in the three microstructures shown in figure 2 are random and not
related to the Cu thickness.

For a more detailed analysis of the DW coupling, structures with tCu = 3 nm were imaged
in two different geometries, where the x-ray incidence, and accordingly the magnetic contrast,
is along the x- and y-directions, respectively. This provides full information about the in-plane
components of the magnetization, which is necessary for completely characterizing these types
of DWs. The in-plane magnetization of a 10 � 10 µm2 microstructure with tCu = 3 nm is shown

New Journal of Physics 13 (2011) 033015 (http://www.njp.org/)

[1]	  J	  Kurde	  et	  al	  2011	  New	  J.	  Phys.	  13	  033015	  

FeNi	  compound	  [1]	   NdFeB	  compound,	  
contrast	  =	  magnetic	  
structure	  

Black	  and	  white	  for	  two	  
different	  magnetic	  
domains	  in	  steel	  



The	  ISING	  model 
8 2 Ising Model for Ferromagnetism

Fig. 2.1 Example of the
Ising model on a 2D square
lattice. Each arrow is a
“spin,” which represents a
magnetic moment that can
point either up or down

neighbors, so it should be favorable (negative) when the neighbors are both +1 or
both −1, and unfavorable (positive) when the neighbors are +1 next to −1. Hence,
for each pair of neighbors i and j , the interaction energy can be written as −Jσiσ j ,
where J is a positive coefficient giving the interaction strength.1 If the magnetic field
h is pointing up, it favors each spin pointing up; if the field is pointing down, it favors
each spin pointing down.2 Hence, for each site i , the field energy can be written as
−hσi . Putting these pieces together, the total energy for the system becomes

E = −J
!

⟨i, j⟩
σiσ j − h

!

i

σi . (2.1)

Note the indices on these two sums. In the first sum, the angle brackets ⟨i, j⟩
represent nearest-neighbor pairs (for example, north-south or east-west on the 2D
square lattice); the sum is taken over all nearest-neighbor pairs. By comparison,
the second sum is taken over all individual sites i , which are each affected by the
magnetic field.

Donotworry about the edges of the system;wewill neglect them in our discussion.
That is a reasonable approximation if the system is very large, so that only a tiny
fraction of the sites are on the surface.

Our goal is now to calculate how much magnetic order is in the system. Suppose
there are N spins in the lattice,with N↑ spins pointing up and N↓ spins pointing down,

1The parameter J is sometimes called the “exchange constant,” for reasons based on the quantum
mechanics of magnetism.
2To be precise, h is proportional to the magnetic field H , scaled by the magnetic moment µ per
spin; people often disregard the factor of µ and refer to h as a field.
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Nearest	  neighbor
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Here	  we	  are	  interested	  is	  
the	  “net”	  magnetization,	  
the	  sum	  of	  all	  magnetic	  
domains:	  
	  

2.1 Model 9

so that N = N↑ + N↓. The total magnetic moment of the system is µ(N↑ − N↓),
where µ is the magnetic moment of each spin, and the largest possible magnetic
moment is µN . Hence, it is natural to define the “magnetic order parameter” or
“magnetization” M as the expectation value of the magnetic moment relative to the
largest possible magnetic moment,

M =
!
N↑ − N↓

N

"
. (2.2)

Hence,wewant to calculateM as a functionof the interaction strength J , themagnetic
field h, and the temperature T .

Note that M can assume values from −1 to 1. The absolute value of M indicates
the magnitude of magnetic order. If |M | is close to 0, then the system is highly
disordered, with approximately half of the spins pointing up and half pointing down.
By comparison, if |M | is close to 1, the system is highly ordered, with almost all of
the spins pointing in the same direction. The positive or negative signs of M indicate
the direction of magnetic order—if it is positive, then the net order is pointing up; if
it is negative, then the net order is pointing down. In further chapters, we will see that
these are very general features of order parameters; they always show the magnitude
and direction of order.

2.2 Non-interacting Spins

As a first step, just for practice, let us do the calculation for non-interacting spins
with J = 0. In this case, we can solve for M exactly, and it will help us get ready
for the much harder problem of interacting spins with J > 0.

In this section, I will present two ways to solve the problem of non-interacting
spins. The first approach is a standard solution, which you have probably seen in
courses on thermal physics or statistical thermodynamics. The second approach is a
more interesting solution in terms of energy and entropy.

2.2.1 Standard Solution

For the standard solution, we begin with the partition function

Z =
#

states

e−Estate/kBT . (2.3)

Here, a “state” refers to the full list of the values of the spins σ1, σ2, etc., and the
energy of a state is E = −h

$
i σi in the non-interacting model. Hence, the partition

function becomes



Simulation	  
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In principle, the Ising model can be simulated using the simple sampling
techniques discussed in the previous chapter: spin configurations could be
generated completely randomly and their contribution weighted by a
Boltzmann factor. Unfortunately most of the configurations which are pro-
duced in this fashion will contribute relatively little to the equilibrium
averages, and more sophisticated methods are required if we are to obtain
results of sufficient accuracy to be useful.

Problem 4.1 Suppose we carry out a simple sampling of the Ising model
configurations on an L! L lattice at kBT=J ¼ 1:5. What is the distribution of
themagnetizationM of the states that are generated?How large is the prob-
ability that a state has a magnetization M > M0, where M0 is some given
value of order unity, e.g. the spontaneous magnetization for T < Tc. Use
your result to explain why simple sampling is not useful for studying the
Ising model.

4.2 THE SIMPLEST CASE: SINGLE SPIN-FLIP
SAMPLING FOR THE SIMPLE ISING MODEL

The nearest neighbor Ising model on the square lattice plays a special role in
statistical mechanics – its energy, spontaneous magnetization, and correla-
tions in zero magnetic field can be calculated exactly, and this fact implies
that the static critical exponents are also known. Critical exponents are known
exactly for only a small number of models. The most notable of the exactly
soluble models is the two-dimensional Ising square lattice (Onsager, 1944) for
which the exact solution shows that the critical exponents which were dis-
cussed in Chapter 2 are

! ¼ 0; " ¼ 1=8; and # ¼ 7=4: ð4:2Þ

4.2 The simplest case: single spin-flip sampling for the simple Ising model 69

Fig. 4.1 Typical spin configurations for the two-dimensional Ising square lattice: (left) T % Tc; (center) T & Tc; (right)
T ' Tc.

M=0	  M=1	   Domains	  with	  different	  M	  



Java	  applet 



What	  we	  learned:	  	  
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* local	  interaction	  	  
* lead	  to	  a	  collective	  orientation	  
* Spontaneously!	  No	  external	  field	  	  
* Only	  for	  low	  temperature	  
* Collective	  emergent	  behavior	  





Fractal	  cascade	  phenomena	  at	  Tc	  



Pseudo	  code	  :	  N=10	  sites,	  chain	  
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*  Generate	  a	  random	  initial	  configuration	  of	  magnetic	  moments	  (s1,..,s100)	  
by	  randomly	  assigning	  +1	  or	  -‐1	  to	  s1,s2,s3…	  

*  Pick	  a	  site	  in	  the	  chain	  randomly	  (site	  K)	  
*  We	  propose	  a	  trial	  configuration	  s’=(s1,..,	  -‐sK,	  …	  ,s100)	  	  
*  We	  compute:	  
*  E(s’)-‐E(s)	  =	  -‐2	  (	  sK-‐1	  +	  sK+1	  )	  
*  We	  pick	  a	  random	  number	  r,	  if	  r<Prob,	  we	  flip	  the	  spin,	  if	  r>Prob	  we	  do	  
nothing.	  We	  start	  again.	  

+ + - + - - + - +-

E(~s) = �
X

i

sisi+1

Prob = e�(E(s0)�E(s))/T



Example	  
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+ + - + - - + - +-

+ + - ? - - + - +-

Configuration s1

TRIAL configuration

+ + - - - - + - +-
SPIN FLIP ACCEPTED

SITE	  K	  

We	  try	  to	  flip	  the	  spin	  

Prob = e�(E(s0)�E(s))/T
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1.  Program	  magnetchain	  
2.  Real(8)	   	  ::	  r,	  T	  
3.  Real(8) 	  ::	  s(0:11),	  prob,	  MagAverage	  
4.  Integer(4)	   	  ::	  i,	  Nmoves,	  picked	  
5.  	  s=-‐1	  ;	  s(0)=0	  ;	  s(11)=0	  ;	  T=0.1	  
6.  MagAverage=0	  
7.  Nmoves=1000	  

8.  do	  i=1,Nmoves	  
9.  	  	   	  call	  random_number(	  r	  )	  
10.  	  	   	  picked=	  INT(r*10.0)	  +	  1	  
11.  	  	   	  prob	  =	  exp	  (	  -‐2	  *(s(picked-‐1)+s(picked+1))/	  T	  )	  	  
12.  	  	   	  call	  random_number(	  r	  )	  
13.  	  	   	  if(	  r	  <	  prob)	  then	  
14.  	  	  	  	   	   	  s(picked)=-‐s(picked)	  
15.  	  	   	  endif	  
16.  	  	   	  MagAverage=MagAverage+sum(s)	  
17.  end	  do	  

18.  write(*,*)	  ‘	  Average	  Magnetization	  ‘	  ,	  
MagAverage	  /	  dble(Nmoves)	  

19.  end	  program	  

Prob = e�(E(s0)�E(s))/T

Line	  3	  :	  s	  is	  an	  array	  
The	  elements	  are	  the	  magnetic	  
domains	  s1,s2,s3	  …	  
	  
	  
Line	  5	  :	  we	  start	  from	  an	  initial	  
configuration,	  all	  the	  magnetic	  
moments	  are	  pointing	  down	  
	  
	  
	  
Line	  10	  :	  we	  pick	  a	  site	  of	  the	  chain.	  
We	  propose	  as	  a	  trial	  configuration	  
s’,	  the	  same	  as	  s,	  but	  with	  the	  
magnetic	  domain	  s(picked)	  flipped	  
	  
Line	  11	  :	  we	  compute	  the	  
probability.	  The	  energy	  difference	  
between	  s	  and	  s’	  involves	  only	  the	  
left	  and	  right	  neighbor	  of	  “picked”	  
	  
	   hMi =

X

�sk

M( �sk)



*  A	  quick	  introduction	  on	  how	  to	  use	  histograms	  /	  arrays	  
with	  Fortran	  …

ARRAYS 
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Collection	  of	  variables	  
	  
1.  Program	  something	  
2.  Integer(4)	  ::	  	  x1,x2,x3,x4,x5	  
3.  Integer(4)	  ::	  	  x6,x7	  

4.  x1   =  1 
5.  x2   =  2 
6.  x3   =  3 
7.  x4   =  4 
8.  x5   =  5 
9.  x6   =  6 
10.  x7   =  7 

11.  end	  program	  

Ø  We	  need	  to	  define	  a	  
collection	  of	  
variables	  

Ø  X1,….,X10	  
Ø  We	  need	  to	  assign	  
values	  to	  these	  
variables	  

Ø  Time	  consuming	  !	  



*  An	  array	  is	  a	  collection	  of	  variables,	  
grouped	  under	  the	  same	  name	  	  

*  myarray	  is	  the	  array’s	  name	  for	  the	  array	  
in	  this	  example	  

*  Each	  box	  of	  the	  array	  corresponds	  to	  a	  
real(8)	  variable,	  which	  can	  take	  any	  value	  

*  To	  access	  a	  particular	  variable	  in	  the	  
group,	  the	  position	  of	  the	  variable	  in	  the	  
array	  needs	  to	  be	  provided,	  example	  :	  	  	  

* write(*,*)	  	  	  myarray(2)	  
20	  

Arrays	  



Arrays	  
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Variables	  
	  
real(8)	  	  	  	  	  ::	  	  	  	  aa	  
aa	  =	  16	  

Arrays	  
	  
real(8)	  	  	  	  ::	  	  	  	  myarray(7)	  
myarray(2)	  =	  16	  

16	  

16	  



Arrays	  
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Variables	  
	  
real(8)	  	  	  	  	  ::	  	  	  	  aa	  
aa	  	  	  =	   	  16	  

16	  

16	  

Arrays	  
	  
real(8)	  	  ::	  	  myarray(7)	  
	  
myarray(2)	  =	  16	  

Number	  of	  members	  (7)	  
Accessing	  member	  2	  



Array:	  Global	  assignment	  
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real(8) :: myarray(3)

myarray(2)  =   0

real(8) :: myarray(3)

myarray  =   0

What do you think the difference is between those two 
operations ? 

On the right side, which element is set to zero ? 
On the left side, which element is set to zero ? 

How many members/elements does the array myarray have ?

Answer :     [FILL IN]



Array:	  Global	  assignment	  
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real(8) :: myarray(3)

myarray(2)  =   0

real(8) :: myarray(3)

myarray  =   0

0	  

0	  

0	  

0	  



Array:	  global	  operations	  

25	  

1.  program	  testarray	  
2.  real(8)	  	  	  	  ::	  	  	  	  myarray(10)	  

3.  myarray	  =	  2.0	  

4.  write(*,*)	  ‘the	  second	  element	  of	  the	  
array	  has	  the	  value:	  ‘,	  	  	  myarray(2)	  

5.  myarray	  =	  sin	  (	  myarray	  )	  

6.  end	  program	  

*  Is	  this	  operation	  global	  and	  
affects	  the	  whole	  array,	  or	  is	  it	  
local	  and	  only	  affects	  one	  
element?	  	  	  	  	  [Tick]	  

	  	  	  	  	  	  	  	  	  	  	  global	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  local	  

	 ☐ 	 	 	 ☐	 

	 ☐ 	 	 	 ☐	 
	 

	 ☐ 	 	 	 ☐	  
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Defining	  an	  array’s	  dimension	  

real(8)	  	  	  	  	  	  	  ::	  	  	  	  	  	  myarray(	  x	  :	  y	  )	  

The	  first	  index	  of	  the	  array	  is	  x	  (if	  not	  specified	  x=1)	  

The	  last	  index	  of	  the	  array	  is	  y	  

by	  default	   	   	  :	  x=1	  
x	  can	  be	  zero	   	  :	  x=0	  
x	  can	  be	  negative	   	  :	  x=-‐5	  

Real(8)::	  myarray(1:5),	  myarray(5)	  
Real(8)::	  myarray(0:7)	  
Real(8)::	  myarray(-‐5:5)	  



*  Histogram:	  we	  define	  an	  array	  which	  
contains	  the	  histogram.	  	  

*  Each	  box	  of	  the	  array	  is	  counting	  the	  
number	  of	  outcomes	  obtained	  with	  an	  
experiment	  

*  Each	  time	  an	  experiment	  is	  realized,	  
we	  measure	  S,	  and	  we	  increment	  
myarray(S):	  

* myarray(S) = myarray(S)
+1

	  
*  myarray	  is	  the	  histogram	  of	  the	  
obtained	  S	  

27	  

Histograms	  



*  Outcome	  of	  experiment:	  

	  S=3 	   	   	  	  	  	  0	  	  	  	  	  	  	  	  	  	  0	  	  	  	  	  	  	  	  	  1	  	  	  	  	  	  	  	  	  	  0	  	  	  	  	  	  	  	  	  0	  	  	  	  	  	  	  	  	  1	  	  	  	  	  	  	  	  	  	  1	  
We	  keep	  track	  that	  we	  obtained	  one	  more	  event	  S=3	  by	  repeating	  our	  
experiment	  :	  	  

myarray(3)  =  myarray(3) +  1
	  
	  
	  

	  S=4 	   	   	  	  	  	  	  1	  	  	  	  	  	  	  	  	  1	  	  	  	  	  	  	  	  	  	  1	  	  	  	  	  	  	  	  	  0	  	  	  	  	  	  	  	  	  	  0	  	  	  	  	  	  	  	  	  1	  	  	  	  	  	  	  	  	  	  0	  
We	  now	  want	  to	  keep	  track	  that	  we	  obtained	  S=4:	  
	  

myarray(4)  =  myarray(4) +  1
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Arrays	  &	  flipping	  coins	  



*  Summation	  of	  all	  values	  contained	  in	  the	  array	  “myarray”	  :	  	  	  

* y=sum(myarray)

*  Returns	  the	  minimum	  value	  contained	  in	  “myarray”:	  

*  y=minval(myarray)	  

*  Returns	  the	  maximum	  value	  contained	  in	  “myarray”:	  

* y=maxval(myarray)

*  Returns	  the	  dimension	  of	  the	  array	  (i	  in	  this	  example	  should	  be	  an	  integer)	  :	  

*  i	  =size(myarray)	  
29	  

Functions	  of	  arrays	  



* What	  is	  Monte	  Carlo	  good	  for	  ?	  

* To	  what	  kind	  of	  situations	  can	  you	  apply	  Monte	  Carlo?	  

* Can	  you	  compute	  integrals	  with	  Monte	  Carlo?	  	  

* How	  many	  variables	  can	  you	  handle	  with	  Monte	  Carlo?	  

Monte	  Carlo	  :	  knowledge	  check	  list 



Introduction	  to	  Molecular	  Dynamics 



Overview	  

* Basic	  concepts	  in	  MD	  
* Verlet	  algorithm	  
* Leonard-‐Jones	  potential	  
* Material	  Studio	  :	  Building	  and	  Visualization	  (next	  
week)	  

* Sampling,	  Equilibrium	  vs.	  Non-‐equilibrium.	  	  
* Ergodicity	  
* Boltzman	  distribution	  
* Applications:	  Research	  examples	  



What	  is	  MD?	  What	  is	  the	  idea?	  



• Molecular dynamics (MD) is a computer simulation 
technique where the time evolution of a set of 
interacting atoms is followed by integrating their 
equations of motion. 

 

• We follow the laws of classical mechanics, and most 
notably Newton's law 

 

 

Molecular	  dynamics	  -‐	  Introduction	  
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Molecular	  Dynamics	  

* Theory:	  

* Compute	  the	  forces	  on	  the	  particles	  
* Solve	  the	  equations	  of	  motion	  
* Sample	  after	  some	  timesteps	  
	  	  
	  

2

2

dt
dm rF =



•  Given an initial set of positions and velocities, the 
subsequent time evolution is in principle  completely 
determined. 

•  Atoms and molecules will ‘move’ in the computer, 
bumping into each other, vibrating about a mean position 
(if constrained), or wandering around (if the system is 
fluid), oscillating in waves in concert with their 
neighbours, perhaps evaporating away from the system if 
there is a free surface, and so on, in a way similar to what 
real atoms and molecules would do.  

Molecular	  dynamics	  -‐	  Introduction	  



•  The computer experiment. 

•  In a computer experiment, a model is still provided by 
theorists, but the calculations are carried out by the 
machine by following a recipe (the algorithm, 
implemented in a suitable programming language).  

•  In this way, complexity can be introduced (with caution!) 
and more realistic systems can be investigated, opening 
a road towards a better understanding of real 
experiments.  

Molecular	  dynamics	  -‐Motivation	  



Molecular	  dynamics	  -‐Motivation	  
•  The computer calculates a trajectory of the system 

•  6N-dimensional phase space (3N positions and 3N 
momenta).	  	  

•  A trajectory obtained by molecular dynamics provides a 
set of conformations of the molecule,  

•  They are accessible without any great expenditure of 
energy (e.g. breaking bonds) 

•  MD also used as an efficient tool for optimisation of 
structures (simulated annealing). 



Molecular	  dynamics	  -‐	  Motivation	  

•  MD allows to study the dynamics of large macromolecules 

•  Dynamical events control processes which affect 
functional properties of the biomolecule (e.g. protein 
folding).  

•  Drug design is used in the pharmaceutical industry to test 
properties of a molecule at the computer without the need 
to synthesize it. 



Molecular	  dynamics	  -‐	  Introduction	  

•  In molecular dynamics, atoms interact with each other.  

•  These interactions are due to forces which act upon  
every atom, and which originate from all other atoms 

•  Atoms move under the action of these instantaneous 
forces.  

•  As the atoms move, their relative positions change and 
forces change as well.  



Statistical	  ensembles	  



Why	  Molecular	  Dynamics?	  
1.	  	  Scale:	   	  Large	  collections	  of	  interacting	  	  particles	  that	  cannot	  be	  
studied	  by	  quantum	  mechanics	  .	  	  	  

2.	  Dynamics:	  	  time	  dependent	  behavior	  	  	  
	  	  	  	  and	  non-‐equilibrium	  processes.	  	  	  	  	  

~115	  nm	  

~2,000,000	  
atoms	  

~25	  nm	  

~500,000	  
atoms	  

Quantum	  

Classical	  limit?	  

Still	  far	  from	  
bulk	  
material…	  

Monte	  Carlo	  methods	  can	  predict	  many	  of	  the	  same	  things,	  
but	  do	  not	  provide	  info	  on	  time	  dependent	  properties	  	  

Lattice	  
fluids	  
	  
	  
	  
Continuum	  
models	  



A	  Few	  Theoretical	  Concepts	  

                𝑄(𝑁,𝑉,𝛽)=∑𝑖↑▒𝑒↑−𝛽𝐸↓𝑖                                           	  
Q	  is	  called	  the	  	  
Canonical	  Partition	  Function.	  
	  
A(𝑁,𝑉,𝑇)=−𝑘𝑇𝑙𝑛𝑄 	  

𝑆(𝑁,𝑉,𝐸)=−𝑘𝑙𝑛𝛺 	  	  	  
	  𝑝𝑉(𝑉,𝑇,𝜇)=−𝑘𝑇𝑙𝑛𝛯          
𝐺(𝑁,𝑃,𝑇)=−𝑘𝑇𝑙𝑛𝛥	  

microcanonical	  

grand	  canonical	  
	  	  Isothermal-‐isobaric	  

Statistical	  Ensembles	  

In	  Equilibrium	  MD,	  we	  want	  to	  sample	  the	  ensemble	  as	  best	  as	  possible!	  

The+MD+core+is+sta(s(cal+mechanics+
The+MD+output+is+at+the+microscopic+level,+including+atomic+posi(ons+and+veloci(es.++

To+convert+these+microscopic+data+into+macroscopic+observables+(such+as+energy,+
pressure…),+we+need+the+tools+of+sta(s(cal+mechanics.+

Physical/proper4es;/
physical/effect.../

Structure/

Chemical/
bond/

(molecules/
and/atoms)/



From/the/atomic/scale/to/macroscopic/observables/

The+MD+core+is+sta(s(cal+mechanics+
The+MD+output+is+at+the+microscopic+level,+including+atomic+posi(ons+and+veloci(es.++

To+convert+these+microscopic+data+into+macroscopic+observables+(such+as+energy,+
pressure…),+we+need+the+tools+of+sta(s(cal+mechanics.+



Sta(s(cal+systems+are+complex,+many@body+systems.++
For+ example,+ a+ litre+ of+ gas+ may+ contain+ 1023+ atoms.+ To+ completely+
characterize+such+a+system+we+need+to+known+the+three+components+
of+ the+ velocity+ for+ each+ atom+ and+ the+ three+ components+ of+ the+
posi(on+for+each+atom.+It+is+impossible+to+obtain+6X1023+real+numbers+
to+completely+characterize+the+gas!!!+





Interaction	  between	  particles	  
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Molecular	  Dynamics:	  Can	  be	  more	  complicated	  …	  



Time	  evolution	  



Molecular	  dynamics	  –	  Algorithms	  

•  The engine of a molecular dynamics program is its time 
integration algorithm. 

•  Time integration algorithms are based on finite difference 
methods, where time is discretized on a finite grid, the 
time step Δt being the distance between consecutive points 
on the grid 

•  Knowing the positions and some of their time derivatives at 
time t, the integration scheme gives the same quantities at 
a later time t+Δt   

•  By iterating the procedure, the time evolution of the 
system can be followed for long times.  



Ø  Forces	  on	  each	  particle	  are	  calculated	  at	  time	  t.	  	  The	  forces	  provide	  
trajectories,	  which	  are	  propagated	  for	  a	  small	  duration	  of	  time,	  Δt,	  
producing	  new	  particle	  positions	  at	  time	  t+	  Δt.	  	  Forces	  due	  to	  new	  
positions	  are	  then	  calculated	  and	  the	  process	  continues:	  

	  
	  

	  	  
	  
	  	  

How	  do	  the	  dynamics	  happen?	  

The	  **basic**	  idea…	  



Molecular	  dynamics	  –	  Algorithms	  

•  Two popular integration methods for MD calculations are 
the Verlet algorithm and predictor-corrector algorithms 

•  The most commonly used time integration algorithm is the 
Verlet algorithm  



Molecular	  dynamics	  –	  Algorithms	  

•  The predictor-corrector algorithm consists of three steps 

•  Step 1: Predictor. From the positions and their time 
derivatives at time t, one ‘predicts’ the same quantities at 
time t+Δt by means of a Taylor expansion. Among these 
quantities are, of course, accelerations ‘a’ 

•  Step 2: Force evaluation. The force is computed by taking 
the gradient of the potential at the predicted positions.  
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Equations	  of	  motion	  
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Verlet	  algorithm	  

Velocity	  Verlet	  algorithm	  
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )[ ]ttt
m
tttt

t
m
tttttt

ffvv

fvrr

+Δ+
Δ

+≈Δ+

Δ
+Δ+≈Δ+

2

2

2

( ) ( ) ( ) ( ) ( ) ( )4
32

!32
tttt

m
tttttt ΔΟ+

Δ
−

Δ
+Δ−=Δ− rfvrr !!!



Velocity@Verlet+algorithm+

ri (t + dt) = ri (t)+ vi (t)dt +
fi (t)
2mi

dt 2 + dt
3

3!
b(t)+ ...

vi (t + dt) = vi (t)+
[ fi (t)+ fi (t + dt)]

2mi

dt + ...

The+velocity+of+each+par(cle+i+is+given+by+a+Taylor+expansion+too:+



Ø What	  is	  a	  suitably	  short	  time	  step?	  
	  	  

	  
	  	  

How	  do	  the	  dynamics	  happen?	  

Adequately	  
Short	  Time	  
step	  	  

Time	  step	  	  
Too	  long	  

Must	  be	  significantly	  shorter	  than	  
the	  fastest	  motion	  in	  your	  
simulation:	  

What	  is	  frequency	  of	  C-‐H	  stretch.	  	  	  	  O-‐H	  stretch?	  

Constraint	  algorithms:	  	  Shake,	  Rattle,	  LINCS	  

Minimum	  time	  step	  depends	  on	  what	  you	  are	  
monitoring.	  At	  least,	  simulation	  must	  be	  stable.	  	  

Normal	  
restoring	  
force	  

Huge	  restoring	  
force:	  
simulation	  
crashes	  



Boundaries,	  Box	  



Boundaries	  
	  

How	  do	  you	  keep	  your	  particles	  from	  
drifting	  out	  of	  the	  cell?	  	  
	  
1.  Create	  some	  type	  of	  a	  wall 	  	  

2.  Periodic	  boundary	  conditions	  



Molecular	  dynamics	  –	  Force	  Fields	  

•  A solution to this problem is to use periodic boundary 
conditions (PBC).  

 

• We use the minimum image criterion: among all possible 
images of a particle j, select only the closest.  

-1,1 0,1 1,1 

-1,0 0,0  
Primary 

Cell 

1,0 

-1,-1 0,-1 1,-1 
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Periodic	  boundary	  conditions	  



Application:	  Material	  structure	  
prediction	  



Molecular	  dynamics	  –	  Optimization	  tool	  

•  Temperature in a molecular dynamics calculation provides 
a way to fly over the barriers  

•  States with energy E are visited with a probability exp(-E/
kBT)  

•  By decreasing T  slowly to 0, there is a good chance that 
the system will be able to pick up the best minimum and 
land into it  

•  This is the simulated annealing protocol, where the system 
is equilibrated at a certain (high) temperature and then 
slowly cooled down to T=0 



Molecular	  dynamics	  –	  Optimization	  tool	  

energy Global	  minimum	  

Conformational space 

• Molecular Dynamics may also be used as an optimization 
tool 

•  Traditional (optimization) minimization techniques 
(steepest descent, conjugate gradient, etc.) do not 
normally overcome energy barriers and tend to fall into the 
nearest local minimum 



energy 

Conformational space 

Molecular	  dynamics	  –	  Optimization	  tool	  

Trajectory	  



Thermo-‐dynamics	  



The original idea of equipartition was that, in thermal equilibrium, 
energy is shared equally among all of its various forms; for example, 
the average kinetic energy in the translational motion of a molecule 
should equal the average kinetic energy in its rotational motion.

h9p://hyperphysics.phy@astr.gsu.edu/Hbase/kine(c/eqpar.html+

kB:= Boltzmann’s 

constant

R:= perfect gas 

constant

per 
mole

per 
molecule

Due to the 
three 
translation 
degrees of 
freedom of  
a free 
particle

The theorem of equipartition of energy states that 
molecules in thermal equilibrium have the same average 

energy associated with each independent degree of 
freedom of their motion and that the energy is :



From/the/atomic/scale/to/macroscopic/observables/

1
2
mivi

2 = 3
2
NkBT

T (t) = 2
3

mivi
2

kBN1

N

∑

Average+kine(c+energy+and+equipar((on+theorem+

The+instantaneous+value+of+temperature+T+
for+a+system+with+N+par(cles,+mass+mi,+
instantaneous+velocity+vi++



A ensemble = A time



A/microcanonical/ensemble:/

A/canonical/ensemble:/

A/grancanonical/ensemble:/

E, N

N

pα = 1N



Iden4cal/but/dis4nguishable/par4cles/Maxwell]Boltzmann/
distribu4on/

Iden4cal/and/indis4nguishable/par4cles/with/half]integer/spin//
Fermi]Dirac/distribu4on/

Iden4cal/and/indis4nguishable/par4cles/with/integer/spin/
Bose]Einstein/distribu4on/

The+distribu(on+func(on+f(E)+ is+ the+probability+that+a+par(cle+ is+ in+
energy+ state+ E,+ when+ the+ energy+ can+ be+ treated+ as+ a+ con(nuous+
func(on+



Application	  1:	  
	  

Salt	  dissolving	  in	  water	  





Application	  2:	  
	  

Oil	  /	  water	  separation	  





Application	  3:	  
	  

Ice	  crystal	  





Application	  4:	  
	  

Solid	  Ar	  





Knowledge	  Quizz:	  

* As	  we	  solve	  the	  Newton’s	  equations,	  how	  
does	  the	  temperature	  enter	  in	  the	  formalism?	  

* How	  can	  I	  increase	  the	  temperature	  in	  my	  
model?	  

* Answer:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  …..	  



Conclusion:	  
	  

MD	  to	  describe	  the	  dynamics	  of	  a	  
large	  number	  of	  particles	  

	  
MD	  to	  predict	  structures	  of	  materials	  
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